Our model is a constrained homogeneous random walk in Z~_. The convergence to stationarity for such a random walk can often be checked by constructing a Lyapunov function. The same Lyapunov function can also be used for computing approximately the stationary distribution of this random walk, using methods developed in [11] . In this paper we show that computing exactly the stationary probability for this type of random walks is an undecidable problem: no algorithm can exist to achieve this task. We then prove that computing large deviation rates for this model is also an undecidable problem. We extend these results to a certain type of queueing systems. The implication of these results is that no useful formulas for computing stationary probabilities and large deviations rates can exist in these systems.
INTRODUCTION
The main model considered in this paper is a constrained homogeneous random walk in a d-dimensional nonnegative orthant Z~., where Z.~ is the space of d-dimensional vectors with integral nonnegative components. Specifically, the transitions with positive probabilities can occur only to neighboring states and the transition probabilities depend only on the face that the current state of the random walk belongs to, but not on the size of the components of the state.
Ever since the appearance of the papers by Malyshev [7] , Menshikov [10] , random walks in Z_~ have assumed a prominent role in modeling and analysis of queueing networks of certain type, for example Markovian queueing networks. Specifically, the question of positive recurrence was analyzed. This question directly translates into the question of stability of the underlying queueing network -the property which roughly says that the expected queue lengths remain bounded as time increases. One of the main techniques used for the stability analysis of this type of random walks is Lyapunov function technique also known as Foster's criteria. A comprehensive study of constrained random walks in Z~. was conducted by Fayolle, Malyshev and Menshikov in [1] and many additional results appeared after the book was published. Specifically, a very interesting connection between constrained random walks and general dynamical systems on compact manifolds was established by Malyshev [9] . Exact conditions for positive recurrence for the case d < 4 were obtained by Ignatyuk and Malyshev in [3] . The large deviation principle for special cases and modifications of random walks in Z~_ was established by Ignatyuk, Malyshev and Scherbakov in [4] . Computing the large deviations limits is a much harder problem. See for exaraple Kurkova and Suhov [5] , which computes large deviations limits for a random walk in Z_~ arising from joint-the-shortest queueing system. The analysis uses a fairly complicated techniques from complex analysis. The goal of the current paper is to explain the difficulty in obtaining such results for general dimensions.
OUR RESULTS
It was established by the author in [2] that positive recurrence of a constrained homogeneous random walk in Z_~ is an undecidable property. Meaning, no algorithm can possibly exists which given the description of the random walks (given the dimension and the transition matrix) will be able to check whether the walk is positive recurrent. This result was also established for queueing systems operating under the class of so called generalized priority policies. This result explains the difficulty in stability analysis by stating that these problems are simply insolvable. It was conjectured in the same paper that the stability of multiclass queueing networks operating under the class of much studied priority or First-In-First-Out policies, is undecidable as well. The conjecture remains unproven.
In the current paper we continue the decidability analysis of constrained random walks by asking the following question: given a constrained homogeneous random walk, can we compute its stationary distribution, provided that the existence of a stationary distribution can be checked, for example, by constructing a Lyapunov function? To put this question into a proper computation theoretic framework, we ask the following question. Given a constrained homogeneous random walk, which possesses a unique stationary distribution 7r, given a state q E Z_~, for example q = 0, and given a rational value r > 0, is true that the stationary probability distribution of this state lr(q) satisfies lr(q) _< r? In this paper we will prove that this problem is undecidable, even if a Lyapunov function witnessing positive recurrence is available. Thus, no algorithm can exist which given a positive recurrent constrained homogeneous random walk computes the stationary distribution. Specifically, the stationary distribution cannot be written down in any constructive way using some formulas. Contrast this with random walks corresponding to product form type networks, for example Jackson networks, for which a very simple compact form formula is available. We then prove that computing large deviations limits for the same model is an undecidable problem as well. In particular, we show that given a random walk in Z_~ with a unique stationary distribution (witnessed, for example, by a Lyapunov function), and given a vector v • ~R '~, the problem of deciding whether lim~oo log(~r(vn))/n is finite, is undecidable. We extend these results to queueing systems operating under a certain class of generalized priority policies. Finally, we observe that, nevertheless, estimating stationary distribution of a constrained random walk is a decidable problem, if one is willing to tolerate a two-sided error and a Lyapunov function exists. Specifically, given such a random walk with the unique stationary distribution ~r, given a Lyapunov function, given a state q • Z~ and any value e > 0, an interval (r, r + ~) can be constructed which contains ~r(q). This result is an easy consequence of a powerful result obtained by Meyn and Tweedie [11] , which obtains exponential bounds on the mixing rate of Markov chains, using Lyapunov function methods.
The 
Stability of a constrained homogeneous random walk Q(t)
can be checked, for example, by constructing a suitable Lyapunov function. DEFINITION 
A function • : Z~ -4 ~+ is defined to be a Lyapunov ]unction with drift -7 < 0 and exception set B C Z~ if 1131 < oo and for every state q q~ B E[¢(Q(t+i)IQ(t) = q]-¢(q) = ~ ¢(q')p(q, q')-O(q) < -7. qEZ~ (2)
. The latter condition is simply a consistency condition which prevents transitions into states with negative components.
STATIONARY PROBABILITIES AND LARGE
Given a current state Q(t) • Z_~ of the random walk, the next state is chosen to be Q(t) + A with probability pCA, A), if the state Q(t) belongs to the face ZA. We will also write p(q, q') instead ofp(A, A) if the state q • ZA and q'-q = A. We denote by p(t)(q,q,) the t-step transition probabilities:
The model above will be referred to as constrained homogeneous random walk in Z_~. We will say that our walk is deterministic if p(A, A) • {0, 1} for all A and A. In other words, the transition vector zX = A(A) deterministically depends on the face. The set of parameters p(A, A) is finite, and, in particular, it contains 6 d elements corresponding to 2 '~ faces ZA and 3 d transition vectors & per face (with some transitions occurring with zero probability).
Let HQ(t)l] denote 51 norm. That is [IQ(t)l] = ~_<d Q~(t).
For any state q • Z~_ and subset X C Z_~, let T = T(q, X) denote the first hitting time for the set X when the initial state of the walk is q, including the possibility T = oc. That is We now focus on computing large deviation rates for our model. Specifically, we focus on computing large deviation rates for the stationary distribution 7r of our random walk Q(t) in Z_~. Let ~ and ~+ denote the set of real values and the set of nonnegative real values, respectively. For any x E ~ let LxJ denote largest integer not bigger than x, and for any x e ~d let [xJ = ([xlJ,..., txdJ). We say that a function L : ~. ~ ~+ U {oo) is a large deviation rate function for a ~ven irreducible positive recurrent random walk Q(t) in Z+ if for any vector v • N~_, the stationary distribution ~r satisfies lira log(~r([vnJ)) = LCv), (4) n.--~, oo n
In other words, the stationary probability of being in state
[vnJ is asymptotically exp(-L(v)n) for large n. For results on large deviations for specific types of constrained random walks in Z.~ see [4] . There are numerous works on large deviation in the context of queueing systems, see Shwartz and Weiss [12] for a survey. Specifically, Kurkova and Suhov [5] study large deviation rates for a two dimensional random walk corresponding to join-the-shortest queue. The analysis is quite intricate and uses complex-analytic techniques developed by Malyshev [7] , [6] , [8] 
The goal of the present section is to prove that computing the large deviation rate function L(v) is an undecidable problem, even if the walk is known to be a priori positive recurrent via, for example, existence of a linear Lyapunov function, and even if the large deviation limit function L(v) is known to exist. The following is the main result of this section. THEOREM 2. Given an irreducible positive recurrent constrained homogeneous random walk, given a rational value 0 < r < 1 and a vector v E Z~, the problems of determining whether L_(v) < r, L+(v) < r are undecidable.
Remark
: As we will see below, the large deviations limit function L(v) = L-(v) = L+(v) exists for the subclass of random walks we consider.
